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Theoretical Analysis of the Effect of Membrane
Morphology on Fouling during Microfiltration

CHIA-CHI HO and ANDREW L. ZYDNEY*
DEPARTMENT OF CHEMICAL ENGINEERING

UNIVERSITY OF DELAWARE

NEWARK, DELAWARE 19716, USA

ABSTRACT

Previous studies of membrane fouling have often employed one of the classical
blocking laws to describe the variation of filtrate flux with time. However, these mod-
els implicitly assume that the membrane has straight-through noninterconnected
pores, even though most commercial microfiltration and ultrafiltration membranes
have a highly interconnected pore structure. We have developed a theoretical model
for the effects of pore blockage on the fluid velocity and pressure profiles within
membranes having different interconnected pore structures assuming Darcy flow in
the porous membrane. Model calculations are in good agreement with filtrate flux
data obtained during protein microfiltration using membranes with very different pore
morphologies. The results clearly demonstrate that the membrane pore connectivity
has a significant influence on the flux decline due to the possibility for fluid to flow
around the pore blockage, an effect which has been ignored in previous studies.

Key Words. Microfiltration; Fouling; Membrane morphology

INTRODUCTION

Experimental data for membrane fouling are often analyzed using either
cake filtration theory (1) or one of the classical “blocking laws” initially de-
veloped for particle filtration. The blocking laws were first introduced by Her-
mans and Bredée (2, 3) in their analysis of filtrate flux data obtained during
filtration of dilute particle suspensions through filter cloths, cotton sheets, and
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ORDER                        REPRINTS

layers of filter aid. The complete blocking law was developed by assuming
that “the filtering medium may be regarded as a collection of parallel capillary
tubes of constant diameter and length which become blocked in such a way
that every time a particle passes into a tube that the latter is completely sealed”
(3). The standard blocking law was also developed assuming that the mem-
brane consisted of an array of parallel capillaries but with the fouling occur-
ring “in such a way that the inside volume of the tubes decreases proportion-
ally to the volume of filtrate passed through” the membrane (3).

Hermans and Bredée (2, 3), Gonsalves (4), and Grace (5) showed that the
total filtrate volume (V ) versus filtration time (t) predicted by the cake filtra-
tion and blocking laws could all be written in a common mathematical form
as

}
d
d
V

2t
2} 5 k 1}

d
d
V
t
}2

n

(1)

The exponent n characterizes the filtration model, with n 5 0 for cake filtration,
n 5 }

3
2

} for standard blocking, and n 5 2 for complete blocking. Hermans and
Bredée (3) also coined the term “intermediate blocking” to describe the filtra-
tion behavior with n 5 1, although no physical interpretation of this situation
was provided. Hermia (6) subsequently showed that the intermediate blocking
law could be derived from the complete blocking model by assuming that the
deposited particles could settle on top of other particles on the filter surface.

The different blocking laws have been used for over 50 years to analyze and
interpret filtrate flux data. There has been considerable recent interest in the
application of these models to protein microfiltration (7–11), with the fouling
attributed to the physical deposition of large protein aggregates on or within
the membrane pore structure (12). However, these models have often been ap-
plied to the fouling of polymeric microfiltration membranes having highly in-
terconnected pore structures, e.g., polyethersulfone (7), polyvinylidene fluo-
ride (8, 9, 11), and mixed cellulose ester (9) membranes. Thus, the underlying
assumption in the blocking laws that the membrane consists of an array of par-
allel capillary tubes is clearly invalid. In particular, particle (or aggregate) de-
position on the upper surface of these microfiltration membranes would not be
able to completely seal off or block that fraction of the membrane area since
the interconnected pore structure would allow the fluid to flow around and un-
der the “blockage” as it percolates through the membrane. Ho and Zydney
(13) recently showed that membranes having an interconnected pore structure
do foul much more slowly than membranes with straight-through (noncon-
nected) pores, with the data suggesting that aggregate deposition only disturbs
the filtrate flow over a small penetration distance into the interconnected pore
structure of these membranes.

The objective of this study was to develop a mathematical description of the
filtrate flow through membranes having interconnected pore structures which
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can be used to analyze and interpret filtrate flux data obtained during protein
microfiltration. The velocity profiles within the porous membrane were de-
scribed using Darcy’s law, with different Darcy permeabilities used in the di-
rections normal to and parallel to the membrane surface for membranes with
different degrees of pore connectivity. Model calculations were then com-
pared with experimental data for protein fouling obtained with microfiltration
membranes having different pore structures.

THEORY

In order to account for the effects of pore connectivity on the filtrate flux,
we need to specifically evaluate the changes in flow distribution within the
membrane as the upper surface becomes fouled. We assume that the initial de-
position of particles/colloids occurs uniformly and randomly over the mem-
brane surface, with the upper surface of the partially fouled membrane shown
schematically in the upper panel of Fig. 1. At low surface coverage the flow
through this partially fouled membrane can be described by a Krogh-cylinder-
type model used previously to analyze flow in capillary beds (14) and hollow
fiber membrane bioreactors (15). Thus, we consider the flow through a single
cylindrical region of the membrane with a blockage located at the center
(lower left panel of Fig. 1). The radius of this cylinder is directly related to the
fraction of the membrane surface that is blocked (covered) at time t, i.e., ƒ 5
(rblockage /rcylinder)2. As the membrane becomes more highly fouled, the fluid
flow will occur primarily through the gaps (or holes) between protein aggre-
gates in the fouling layer, leading to the physical model shown in the lower
right panel. In this case the blockage covers an annular region with the frac-
tional surface coverage given as ƒ 5 1 2 (ropen/rcylinder)2 .

The velocity profiles within the porous membrane are assumed to be given
by Darcy’s law:

Vr 5 2Kr }
­
­
P
r
}; Vz 5 2Kz }

­
­
P
z
} (2)

where Kr and Kz are the Darcy permeabilities in the radial and transverse di-
rections, respectively. Thus, a membrane with straight-through pores would
have Kr 5 0 (no radial flow), while a truly isotropic membrane would have Kr

5 Kz. The velocities Vr and Vz must satisfy the continuity equation, which for
an incompressible fluid is

,?V 5 }
1
r

} }
­
­
r
} (rVr) 1 }

­

­

V
z
z

} 5 0 (3)

Substitution of Eq. (2) into Eq. (3) yields a second-order partial differential
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equation for the local pressure which is in the form of Laplace’s equation:

}
K
r

r
} }

­
­
r
} 1r }

­
­
P
r
}2 1 Kz }

­
­

2

z
P
2} 5 0 (4)

A symmetry condition is applied at the axis of the cylinder:

r 5 0; ­P/­r 5 0 (5)

2464 HO AND ZYDNEY

FIG. 1 Schematic of the top surface of a partially fouled membrane showing the Krogh cylin-
der approximation with central blockage (left panel) or central void (right panel).
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and a no flux (Vr 5 0) condition is applied at the outer boundary:

r 5 rcylinder; ­P/­r 5 0 (6)

where Eq. (6) is developed from the requirement that the flow in each cylin-
drical region is self-contained. The pressure at the downstream (filtrate) sur-
face of the membrane is assumed to be uniform:

z 5 dm; P 5 Pfiltrate (7)

The boundary condition at the upstream (feed) surface must account for the ef-
fects of pore blockage. In order to develop a more general model, we allow for
the possibility that the fouling layer (blockage) is partially permeable to the
fluid with hydraulic permeability Lp. The permeability of this blockage is as-
sumed to be constant (independent of position and extent of fouling). This as-
sumption should be valid for isolated particulate foulants, although it will not
be applicable for systems in which additional foulant can chemically attach to
the deposit or form a multilayer particulate cake. This leads to a split bound-
ary condition at z 5 0, with the form of the boundary condition dependent on
the physical picture of the fouling layer. For the situation shown in the lower
left panel of Fig. 1 we have

z 5 0; Lp(Pfeed 2 P) 5 Vz 5 2Kz }
­
­
P
z
} 0 # r # rblockage (8a)

z 5 0; P 5 Pfeed rblockage , r # rcylinder (8b)

while for the situation shown in the lower right panel the condition at z 5 0 is

z 5 0; P 5 Pfeed 0 # r # ropen (9a)

z 5 0; Lp(Pfeed 2 P) 5 Vz 5 2Kz }
­
­
P
z
} ropen , r # rcylinder (9b)

In both cases, Pfeed is a constant, independent of the flow rate, since the
Reynolds numbers in this system are all small. Note that if the blocked pores
are completely impermeable to flow (Lp 5 0), Eqs. (8a) and (9b) reduce to
­P/­z 5 0 over that region of the membrane. Equations (4)–(8) can be nondi-
mensionalized using the membrane thickness (dm) and the radius of the pore
blockage (rblockage) as the characteristic dimensions yielding

}
1
r

} }
­
­
r
} 1r }

­
­
u
r
}2 1 K }

­
­
Y

2u
2} 5 0 (10)

where u 5 [(P 2 Pfeed)/(Pfiltrate 2 Pfeed)], r 5 r/rblockage, and Y 5 z /dm. A sim-
ilar nondimensionalization can be used with Eq. (9) but with ropen replacing
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rblockage. Equation (10) is expressed in terms of the nondimensional perme-
ability ratio

K 5 }
K
K

z

r
} 1}rblo

d
c

m

kage
}2

2

(11)

The boundary conditions at the upstream surface of the membrane (Eqs. 8a
and 8b) become

Y 5 0; ­u/­Y 5 bu 0 # r # 1 (12a)

Y 5 0; u 5 0 1 , r # ƒ21/2 (12b)

where b 5 dmLp /Kz is the dimensionless permeability of the fouling deposit
and ƒ 5 (rblockage/rcylinder)2 is the fractional surface coverage. The dimension-
less form of Eq. (9) is analogous to Eq. (12) with the outer boundary now at
(1 2 ƒ)21/2. The fluid flow and pressure profiles are thus completely deter-
mined by three dimensionless parameters: ƒ, which is related to the extent of
fouling; b, which is related to the permeability of the fouling layer; and K,
which describes the relative permeability of the porous membrane in the axial
and radial directions and is thus a function of the pore connectivity as well as
the membrane thickness.

Equation (10) was solved numerically using a finite difference representa-
tion accurate to O(Dr2) and O(DY2). In order to concentrate grid points in the
region of steepest pressure gradient, the variable transformation

X 5 1 2 }
A
1

} ln[r(1 2 eA) 1 eA] (13)

was used in the radial direction with A an adjustable parameter which controls
the details of the grid spacing. The difference equations were solved using the
DLSLXG subroutine in the IMSL math library using 100 grid points in both
the radial and axial directions with A 5 5 in the radial transformation. Nu-
merical convergence was verified by repeating the calculations using twice as
many grid points in both directions. Calculations were conducted on an IBM
PC requiring approximately 5 minutes. The dimensionless filtrate flux
through the membrane was then evaluated from the dimensionless pressure as

}
J
J
0
} 5 Eƒ

21/2
0

}
­
­
Y
u
} * Y51

2rdr (14)

where J0 is the flux through the clean (nonfouled) membrane. The upper limit
on the integral in Eq. (14) was (1 2 ƒ)21/2 for calculations performed with the
annular blockage (Eq. 9).

THEORETICAL RESULTS

Figure 2 shows the effects of the radial permeability (Kr) on the predicted
pressure profiles and flow streamlines for a partially fouled membrane 
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(ƒ 5 0.25) assuming a completely impermeable fouling layer (b 5 0) using
the configuration shown in the lower left panel of Fig. 1. In each case the
streamlines were calculated directly from the velocities as

c 5 E r(Vzdr 2 Vrdz) (15)

with Vz and Vr evaluated by numerical differentiation of the pressure using the
Darcy flow equations (Eq. 2). Results are shown for three values of the per-
meability ratio: K 5 0.1, 1, and 100. At large K the fluid flow occurs almost
entirely through the region outside of the pore blockage (r . 1), with the pres-
sure in the cylindrical region beneath the blockage remaining close to u 5 1
(i.e., P 5 Pfiltrate) at all axial positions. This causes a steep radial pressure gra-
dient at r 5 1; however, the radial velocity remains small since Kr , Kz. As
the permeability ratio decreases, the radial pressure gradient causes the fluid
to flow around and under the pore blockage. When K 5 0.1 this radial flow is
sufficiently strong that the pressure profile within the membrane becomes
nearly uniform for Y . 0.15. The pore blockage under these conditions has
relatively little effect on the total flow rate through most of the membrane,
with J/J0 5 0.97 even though the pore blockage covers 25% of the upper sur-
face area of the membrane. Similar behavior was seen with the centrally lo-
cated void, with the fluid flow moving radially outward and under the annular
blockage.

The effects of pore blockage on the normalized flux (J/J0) are shown explic-
itly in Fig. 3. The results are plotted as a function of the fractional surface cov-
erage (ƒ) for different values of K, with b 5 0 for flow around a centrally lo-
cated blockage (top panel) and for flow through a centrally located void
(bottom panel). At large values of K the membrane behaves as if it has straight-
through noninterconnected pores, with the normalized flux simply equal to the
fractional available surface area (1 2 ƒ). As K decreases, the radial pressure
gradient drives the fluid radially so that it passes under the pore blockage, thus
reducing the effect of the blockage on the overall resistance to flow. The net re-
sult is that the normalized flux increases with decreasing K, with J/J0 at ƒ 5 0.9
increasing from 0.1 when K 5 103 to 0.75 (centered void) and 0.82 (centered
blockage) when K 5 1021. Interestingly, the normalized flux (J/J0) for a given
K is greater for the centered void model (bottom panel) than for the centered
blockage (top panel) at small surface coverage with the reverse behavior seen
at large ƒ. At high surface coverage, where most of the membrane area is cov-
ered/blocked, it is much easier for the flow to move radially inward and under
the centered blockage than it is to move radially outward from the centered
void due to the increase in area with increasing radial position. However, at
small surface coverage the dominant effect is the much greater radial distance
covered by the fouling layer in the centered blockage model. For example,
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(a)

(b)

FIG. 3 Normalized filtrate flux as a function of fractional surface coverage (ƒ) for membranes
with different K values for (a) central blockage and (b) central void models.
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when ƒ 5 0.5, the blockage extends out to 71% of the cylinder radius for the
centered blockage model while the foulant only covers the outer 29% of the
cylinder radius for the centered void model. Thus, the radial flow under the cen-
tered blockage has to travel a much greater distance under these conditions,
leading to the smaller normalized flux for the centered blockage model at small
surface coverage. Both blockage models predict that the majority of the flux
decline for membranes with small K occurs when the last regions of the mem-
brane become covered/blocked. This would correspond to an increase in the
rate of flux decline as the membrane becomes more fouled, a phenomenon
which has been observed previously in several systems (7, 9, 11).

Figure 4 shows the calculated pressure profiles and flow streamlines for a
single membrane (K 5 10) with a centered blockage (ƒ 5 0.25) at three dif-
ferent values of the dimensionless fouling layer permeability: b 5 0, 0.1, and
10. When the fouling layer is highly permeable (b 5 10), the flow is able to
pass through the blockage relatively easily, thus the flow profile remains
nearly uniform throughout the membrane. As b decreases, the disturbance in
the pressure and flow profiles increases. The normalized flux also decreases
with decreasing b, going from J/J0 5 0.98 for b 5 10 to J/J0 5 0.85 for
b 5 0.

The effect of the different fouling layer permeabilities on the normalized
flux is examined in Fig. 5 for K 5 1000 (top panel) and K 5 0.1 (bottom
panel). The normalized flux is shown for a membrane with centered blockage
for three different surface coverages: ƒ 5 0.25, 0.5, and 0.75. The results for
zero permeability (non-permeable fouling layer) are the same as those in Fig.
3. As the fouling layer permeability increases, the normalized flux increases,
with the greatest increase occurring at the highest surface coverage 
(ƒ 5 0.75). The normalized flux approaches a value of 1 as the fouling layer
becomes very permeable to the fluid flow. For membranes with K 5 0.1, the
fluid is able to flow under the blockage even when the fouling layer is 
completely impermeable (b 5 0). Thus, the normalized flux at small K
is a very weak function of both the surface coverage (ƒ) and fouling layer 
permeability.

MATERIALS AND METHODS

In order to verify the model predictions for the effects of pore connectivity
on fouling, flux decline data were obtained with aluminum oxide (Anopore,
dm 5 60 mm, Whatman, UK) and polyvinylidene fluoride membranes (PVDF,
dm 5 125 mm, Millipore Corporation, Bedford, MA). The membranes were
obtained from the manufacturers as 25 mm disks. The Anopore membranes
have straight-through noninterconnecting pores, while the PVDF membranes
have an isotropic (interconnected) pore structure as shown in the SEMs in Fig.
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6. Data were also obtained with two PVDF membranes in a series sandwich
combination to examine the effects of membrane thickness on the flux.

Fouling experiments were performed using S-cysteinyl bovine serum albu-
min (cys-BSA) obtained from Sigma Chemical Company (catalog number
A0161). Kelly and Zydney (16) showed that fouling by cys-BSA occurs en-
tirely by the physical deposition of large protein aggregates or particles on the

2472 HO AND ZYDNEY

FIG. 5 Normalized filtrate flux as a function of dimensionless fouling layer permeability (b)
for membranes with K 5 1000 (top panel) and K 5 0.1 (bottom panel).
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(b)

(a)

FIG. 6 Scanning electron micrographs of the surface of a clean (a) 0.2 mm Anopore membrane
and (b) 0.2 mm PVDF membrane.

membrane surface. Chemical interactions involved in protein fouling are ab-
sent due to the blockage of the free cysteine residue. The cys-BSA was dis-
solved in a phosphate-buffered saline solution (PBS) consisting of 0.03 M
KH2PO4, 0.03 M Na2HPO4?7H2O, and 0.03 M NaOH (Sigma Chemical Co.,
St. Louis, MO). All PBS solutions were prefiltered through 0.2-mm pore size
Gelman Supor-200 membranes (Gelman Science Inc., Ann Arbor, MI) to re-
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move large particulates prior to use. Protein solutions were freshly prepared
before each experiment and used within 8 hours of preparation.

All filtration experiments were performed in a 25-mm diameter stirred ul-
trafiltration cell (Model 8010, Amicon Co., Beverly, MA) connected to an air-
pressurized acrylic solution reservoir. Membranes were placed in the base of
the stirred cell on top of a macroporous polyester drain disk (Osmonics, Liv-
ermore, CA) to minimize pore blockage by the support plate. The stirred cell
and solution reservoir were initially filled with PBS. The membranes were
flushed with a minimum of 40 mL of PBS to remove any storage or wetting
agents. The PBS flow rate was then measured by timed collection using a dig-
ital balance (Sartorious Model 1580, Edgewood, NY). The stirred cell was
quickly emptied, refilled with cys-BSA solution, and attached to a fresh reser-
voir containing additional cys-BSA solution. The system was then repressur-
ized (within 1 minute) and the filtrate flow rate measured as a function of time.
Additional details on the experimental procedures are available in Ho and
Zydney (13).

EXPERIMENTAL RESULTS AND MODEL COMPARISON

The effects of pore connectivity and membrane thickness on the flux de-
cline were examined using an Anopore membrane, a single PVDF mem-
brane, and a series combination of 2 PVDF membranes in a sandwich ar-
rangement. In each case the water flux was set at 2.2 6 0.1 3 1024 m/s by
adjusting the transmembrane pressure drop (2.0 psi for the Anopore, 2.0 psi
for the PVDF, and 4.0 psi for the 2 PVDF sandwich). The water reservoir was
then rapidly replaced with a 4 g/L solution of cys-BSA with the pressure
maintained at the same value used for the water flux. The initial flux during
the protein microfiltration was essentially equal to the steady-state water flux
evaluated immediately prior to switching to the cys-BSA solution. The data
for the normalized flux as a function of filtration time are shown in the top
panel of Fig. 7. The rate of flux decline was most rapid for the Anopore mem-
brane with J/J05 0.22 after only 50 minutes of filtration compared to J/J0 5
0.62 for the PVDF membrane and J/J0 5 0.85 for the 2 PVDF membrane
sandwich. Scanning electron micrographs and hydraulic permeability mea-
surements obtained with the individual PVDF membranes, separated from
the two membrane stack after completion of the filtration experiment,
demonstrated that the fouling occurred entirely on the upper surface of the
top PVDF membrane.

Previous studies of protein fouling have demonstrated that cys-BSA foul-
ing occurs by physical deposition of relatively large (approximately 0.6 mm
diameter) protein aggregates on the upper surface of the microfiltration mem-
brane (16). The rate of pore blockage in this system should thus be directly
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proportional to the mass flux of protein aggregates toward the open (uncov-
ered) region of the membrane surface:

dA /dt 5 2a1JopenA0Cb (16)

where A is the area of the unblocked membrane surface, A0 is the area of the
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(b)

(a)

FIG. 7 Normalized filtrate flux as a function of filtration time (top panel) and fractional sur-
face coverage (bottom panel) for the filtration of 4 g/L BSA solutions through a 0.2-mm Anopore,

a 0.2-mm PVDF, and a stack of 2 PVDF membranes in series.
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clean membrane, Jopen is the filtrate flux through the uncovered area, Cb is the
bulk protein concentration, and a1 is the pore blockage parameter which is
equal to the membrane area covered per unit mass of filtrate. Equation (16)
can be directly integrated for a membrane with straight-through (nonintercon-
nected) pores since Jopen is directly proportional to the unblocked area (A) un-
der these conditions. The final result is (6, 13):

Jopen/J0 5 exp(2a1J0Cbt) (17)

Equation (17) is equivalent to the classical pore blockage model with Jopen 5
J. For a membrane with an interconnected pore structure (or with b Þ 0), it
was necessary to integrate Eq. (16) numerically to evaluate the flux as a func-
tion of time. In this case the flux was evaluated from the numerical solution of
the modified Laplace equation at a given pore blockage (ƒ 5 1 2 A /A0), with
the rate of pore coverage (dA/dt) calculated from Eq. (16) using the numerical
results for the filtrate flux. An Euler integration was then used to calculate the
extent of pore coverage at time t 1 Dt. The numerical integration was typically
performed using 100 time steps, with numerical convergence verified by re-
peating the calculations using one-half the original Dt.

The solid curve in the top panel of Fig. 7 for the Anopore membrane is the
model calculation using the best fit values of a1 5 0.34 6 0.02 m2/kg and b
5 0.08 6 0.03 determined by minimizing the sum of the squared residuals be-
tween the model calculation and the experimental data. The error estimates are
the standard deviations in the parameter values determined using the bootstrap
method (17). This value of a1 (a1 5 0.34 m2/kg) was then used to analyze the
experimental data for the single PVDF membrane, with the value of b deter-
mined from the Anopore results by simply accounting for the difference in
clean membrane permeability and thickness to give b 5 0.09. The best fit
value of K was determined by minimizing the sum of the squared residuals be-
tween the model (assuming center blockage) and experimental data yielding
K 5 2. The model is in good agreement with the data, indicating that the pore
connectivity in the PVDF membrane is able to explain the slower rate of flux
decline seen in the top panel of Fig. 7. The solid curve for the 2 PVDF mem-
brane combination is an actual model prediction using the previously deter-
mined values for a1, b, and K, with both b and K corrected to account for the
greater thickness of the PVDF stack (yielding b 5 0.18 and K 5 0.5). The
model predictions are in good agreement with the filtrate flux data for the
stacked membrane configuration. The small deviation at longer times could be
due to aggregate deposition on top of regions already “blocked” by an earlier
deposit (analogous to the behavior assumed in the intermediate blocking
model) or to a breakdown in the physical model at high surface coverage
(where the flow might be more appropriately described using the central void
model).
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In order to examine this behavior in more detail, the filtrate flux data have
been replotted as a function of the fractional surface coverage in the bottom
panel of Fig. 7. The fractional surface coverage was evaluated at each time
point by numerical integration of Eq. (16) using the best fit values of a1 for
the different membranes. The fractional surface coverages at the end of the 60-
minute filtrations are all very similar since the feed solutions contain the same
amount of cys-BSA aggregates. However, the interconnected pore structure in
the PVDF membranes causes a much smaller decline in flux than the Anopore
membrane for the same extent of pore coverage. The difference in behavior
seen for the single PVDF membrane and the 2 membrane stack is directly due
to the reduction in the dimensionless permeability ratio (from K 5 2 to K 5
0.5) caused by the increase in membrane thickness as described by Eq. (11).

In order to compare the predictions of the interconnected pore model with
those of the classical blockage models, the flux vs time results for the numer-
ical solution were used to construct a plot of d2t/dV2 vs dt /dV as suggested by
Eq. (1). The required derivatives were first expressed in terms of the filtrate
flux:

}
d
d
V
t
} 5 }

JA
1

0
} (18)

}
d
d
V

2t
2} 5 2}

J3
1
A2

0
} }

d
d
J
t
} (19)

with dJ/dt evaluated by numerically differentiating the J vs t results using
IMSL routine DCSDER which fits piecewise polynomials of order 4 through
the “data” points. Results are shown in Fig. 8 for both the centered blockage
(top panel) and centered void (bottom panel) configurations for K 5 1, 10, and
1000. In each case the rate of pore blockage was evaluated using Eq. (16) with
a1 5 0.34 m2/kg (as determined from the cys-BSA data), b 5 0, and J0 5 2.2
3 1024 m/s. Also shown for comparison are the calculated values for the
Anopore and PVDF membranes determined by numerical differentiation of
the data in Fig. 7 (again using Eqs. 18 and 19). The model results for K 5 1000
(dashed curves) yield a linear relationship with slope equal to 2 which is sim-
ply the behavior predicted by the classical complete pore blocking model. The
results for the membranes with more interconnected pore structures (K 5 1
and 10) are markedly different. The initial rate of flux decline (proportional to
d2t/dV2) is considerably smaller when K 5 1 and 10 than that for the mem-
brane with essentially straight-through pores (K 5 1000) since the fluid flow
is able to pass under and around the pore blockage through the interconnected
pores. This effect is greater for the centered void configuration, which is con-
sistent with the results presented in Fig. 3. As the membrane surface becomes
more heavily fouled, the rate of flux decline increases sharply, with a slope
greater than n 5 2 even at large dt/dV. This effect is more pronounced for the
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(a)

(b)

FIG. 8 Model calculations for d2t/dV2 as a function of dt/dV for membranes with different K
values assuming no foulant superposition for (a) central blockage and (b) central void models.

Solid symbols are the experimental results determined from the flux data in Fig. 7.
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centered blockage configuration since the inwardly directed radial flow is able
to penetrate all the way under the blockage even when the surface is almost
completely covered. The filtrate flux results for the centered blockage config-
uration could not be accurately differentiated to evaluate d2t/dV2 at the largest
dt/dV (i.e., at small J) since the normalized flux remained greater than 0.35
even when ƒ 5 0.999 for the membrane with the most highly interconnected
pore structure (K 5 1).

The experimental data for the Anopore membrane are in good agreement
with the model calculations for K 5 1000, consistent with the straight-
through pores in the Anopore membrane. The data for the PVDF membrane
are quite linear with a slope of 2.5 (r2 . 0.99), which is qualitatively simi-
lar to the behavior predicted for a membrane with interconnected pores (e.g.,
for K 5 10). The absence of any sharp increase in d2t /dV 2 at small dt /dV is
due to the lack of experimental data at very short times. The deviation be-
tween the model and data for the PVDF membrane is due at least in part to
the flow through the blocked pores (i.e., b Þ 0), in addition to the inherent
errors in evaluating d2t /dV 2 from the numerical differentiation of the filtrate
flux data.

Figure 9 shows the corresponding model calculations for a system in which
the particles are allowed to settle on top of other particles on the membrane.
In this case the rate of surface coverage is proportional to the fractional area
remaining uncovered (A /A0):

}
d
d
A
t
} 5 2a1JopenA0Cb 1}

A
A

0
}2 (20)

The results for K 5 1000 again yield a linear relationship, but in this case the
slope is equal to 1 since the governing equations reduce to the intermediate
pore blocking model under these conditions (6). The initial rate of flux de-
cline for the membranes with K 5 1 and 10 is again considerably smaller than
that for the membrane with straight-through pores (K 5 1000). The results
for the centered void configuration rapidly attain a constant slope with n <
1; however, the rate of flux decline is considerably smaller at K 5 1 and 10
due to the smaller fractional open area (A /A0 in Eq. 20) at a given filtrate flux
(i.e., at a given dt /dV ). In contrast, the rate of flux decline for the centered
blockage configuration becomes nearly independent of dt /dV (i.e., n < 0) for
both K 5 1 and 10. In this case the rate of flux decline remains quite low even
at very high surface coverage because the fractional area term (A /A0)
at a given J/J0 is extremely small for the centered blockage configuration
(Fig. 3).
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2480 HO AND ZYDNEY

(b)

(a)

FIG. 9 Model calculations for d2t/dV2 as a function of dt/dV for membranes with different K
values allowing for foulant superposition (Eq. 20) for (a) central blockage and (b) central void

models.
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CONCLUSION

This article provides the first detailed theoretical analysis of the velocity
and pressure distributions in partially fouled membranes having intercon-
nected pore structures. The fluid flow in these membranes was described by
Darcy’s law, with different values for the Darcy permeability used in the ra-
dial and transverse directions to account for the different degrees of pore con-
nectivity. The model calculations clearly show how the fluid is able to flow ra-
dially under and around a pore blockage on the membrane surface,
significantly reducing the overall hydraulic resistance to flow provided by the
partially fouled membrane compared to that for a membrane with straight-
through pores. The net result is that membranes with a highly interconnected
pore structure are predicted to have a much slower rate of flux decline, in good
agreement with previous experimental results for protein fouling of mem-
branes with different pore morphologies (8, 13).

The rate of flux decline for membranes with an interconnected pore struc-
ture can also display a very different time dependence than that given by the
classical blocking laws (which implicitly assume that the membrane has
straight-through pores). For example, the calculations using the central block-
age model and allowing for particle superposition (top panel in Fig. 9) yielded
an exponent of n < 0 in the plot of d2t /dV2 vs dt /dV for membranes having an
interconnected pore structure (K 5 1 or 10) compared to n 5 1 for a membrane
with straight-through pores. In this case, experimental data for the rate of flux
decline could easily be misinterpreted as indicating that fouling occurs by a
cake formation mechanism (which has n 5 0 in the classical analysis given by
Eq. 1) instead of by surface pore blockage as was actually the case. Thus, con-
siderable care must be taken in using the classical blocking laws to analyze ex-
perimental data, or identify the fouling mechanism (pore blockage, pore con-
striction, or cake formation), for membranes having interconnected pore
morphologies.

The nondimensional form of the continuity equation (Eq. 10) shows that the
effect of pore connectivity on the fluid flow, and thus the rate of flux decline,
is determined by the magnitude of the dimensionless permeability ratio, K. It is
important to recognize that K is not only a function of the radial and transverse
permeabilities (Kr /Kz), but is also proportional to (rblockage/dm)2. Thus, the rate
of flux decline decreases with increasing membrane thickness since the pore
blockage disturbs the flow over a smaller fractional depth into the thicker
membrane (as described by the reduction in K with increasing dm). This result
is in good agreement with the experimental data in Fig. 7 which show a much
slower rate of flux decline for the 2-membrane stack compared to the single
PVDF membrane. In addition, the model would suggest that a very thin mem-
brane will behave as if it has straight-through pores even if the membrane itself
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is isotropic (i.e., Kr 5 Kz) due to the very small value of K. This effect was ob-
served by Ho and Zydney (13) in their analysis of protein fouling through
asymmetric polyethersulfone membranes having a very thin (approximately
0.5 mm thick) skin layer. These results indicate that it should be possible to de-
velop membranes with improved fouling characteristics by proper design of the
membrane pore morphology (e.g., the pore connectivity or overall membrane
thickness), an approach which has been largely neglected in both academic and
commercial efforts to develop low-fouling membranes.

NOTATION

A area of unblocked membrane (m2)
A0 area of the clean membrane (m2)
Cb bulk protein concentration (g/L)
ƒ fractional pore blockage
J filtrate flux (m/s)
J0 initial filtrate flux (m/s)
Jopen flux through uncovered membrane surface (m/s)
K permeability ratio (Kzr2

blockage/Krd
2
m)

Kr Darcy permeability in radial direction (m3?s/kg)
Kz Darcy permeability in axial direction (m3?s/kg)
Lp hydraulic permeability of the fouling layer (m2?s/kg)
Pfeed feed stream pressure (N/m2)
Pfiltrate filtrate pressure (N/m2)
rblockage radius of the blockage (left panel in Fig. 1) (m)
rcylinder radius of the flow cylinder (m)
ropen radius of the unblocked region (right panel in Fig. 1) (m)
t filtration time (s)
V total collected filtrate volume (m3)
Vr radial velocity (m/s)
Vz axial velocity (m/s)
Y dimensionless axial coordinate (z /dm)

Greek Letters

a1 pore blockage parameter (m2/kg)
b dimensionless fouling layer permeability (dmLp/Kz)
r dimensionless radial coordinate (r/rblockage or r/ropen)
u dimensionless pressure [(P 2 Pfeed)/(Pfiltrate 2 Pfeed)]
c stream function (m3/s)
« membrane porosity
dm membrane thickness (m)
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